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In this paper, a ﬁnite element method (FEM)-based multi-phase problem based on a newly proposed
thermal elastoplastic constitutive model for saturated/unsaturated geomaterial is discussed. A program
of FEM named as SOFT, adopting uniﬁed ﬁeld equations for thermo-hydro-mechanical-air (THMA)
behavior of geomaterial and using ﬁnite element-ﬁnite difference (FE-FD) scheme for soilewatereair
three-phase coupling problem, is used in the numerical simulation. As an application of the newly
proposed numerical method, two engineering problems, one for slope failure in unsaturated model
ground and another for in situ heating test related to deep geological repository of high-level radioactive
waste (HLRW), are simulated. The model tests on slope failure in unsaturated Shirasu ground, carried out
by Kitamura et al. (2007), is simulated in the framework of soilewatereair three-phase coupling under
the condition of constant temperature. While the in situ heating test reported by Munoz (2006) is
simulated in the same framework under the conditions of variable temperature but constant air pressure.
 2014 Institute of Rock and Soil Mechanics, Chinese Academy of Sciences. Production and hosting by
Elsevier B.V. All rights reserved.1. Introduction
Multi-phase issue has attractedmore attention recently because
of its wide involvement in geotechnical engineering problems, not
only in instant failure problem like slope failure, but also in long-
term stability problem like deep geological repository of high-
level radioactive waste (HLRW). Numerous researches, both in
laboratory/ﬁeld tests and numerical simulation/prediction, have
been conducted in this ﬁeld ceaselessly. Yet it is still far away from
the state with which we can satisfy. The key problem is that, in
most cases, people have to simplify a real geotechnical problem
with some assumptions and to pick up one or several factors they
think the most important and take them as their concerns while
other factors are neglected. For instance, constitutive model is al-
ways divided into two parts, one for saturated material and anotherjp@gmail.com (F. Zhang).
and Soil Mechanics, Chinese
sevier
hanics, Chinese Academy of
rights reserved.for unsaturated. Thermal and viscoplastic effects are the other
questions needed to be addressed. What we want to emphasize
here is that, the physical states, such as the saturation (Sr) or the
temperature (T) are only the states of a geomaterial, you cannot say
that the geomaterial is a different material when the states are
different. Unfortunately, in most cases, a constitutive model usually
merely considers the geomaterial in a speciﬁc state; in other words,
it can describe the mechanical behavior of the geomaterial in the
speciﬁc state but cannot ﬁt anymore at other states.
As is known, geomaterial is different from some other engi-
neering materials such as steel and concrete in that it consists of
more than one phase. Geomaterials are usually made of soil grain,
water and air. When the voids are fully occupied with water, soil is
called as saturated soil, otherwise unsaturated soil. Followed by the
pioneering work (Alonso et al., 1990), in which Barcelona Basic
Model (BBM), a fundamental model for unsaturated soil, was pro-
posed using the concept of loading-collapse (LC) and suction in-
crease (SI), a number of elastoplastic constitutive models have been
developed to describe the behavior of unsaturated soil. Some of
these models were proposed in the framework of net stress and
suction such as Cui and Delage (1996), Chiu and Ng (2003), and
Sheng et al. (2008), whereas others are in the framework of Bishop-
type effective stress and suction such as Kohgo et al. (1993), Loret
and Khalili (2002), and Sun et al. (2007). More recently, some
constitutive models using the effective stress and the degree of
saturation as independent state variables have been proposed, such
as Ohno et al. (2007), Zhang and Ikariya (2011), and Zhou et al.
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effective stress and the degree of saturation in modeling unsatu-
rated soil is much easier and smoother to describe the behavior of
soil from unsaturated state to saturated state than that using the
net stress or effective stress and the suction as the independent
state variables.
On the other hand, researches related to the thermal effect on
geomaterials have also been done extensively due to the huge de-
mand for assessing the safety of deep geological repository of
HLRW. Until now, a number of experimental studies have been
conducted to investigate the thermal effects on mechanical be-
haviors of the saturated geomaterials, e.g. Campanella and Mitchell
(1968), Baldi et al. (1988, 1991), Cekerevac and Laloui (2004), Okada
(2005), and Nishimura (2013).
At the same time, many constitutive models for saturated geo-
materials considering thermal effects have been proposed, e.g. the
works by Cui et al. (2000, 2009), Laloui (2001), Zhang and Zhang
(2009), and Zhang et al. (2012). In comparison with the saturated
geomaterials, researches related to the thermal effects on unsatu-
rated soils were rarely reported because of the difﬁculty for inde-
pendent measurement and control of pore air pressure (PAP), pore
water pressure (PWP), mechanical loading and temperature at the
same time. Yet the researches on the modeling of unsaturated
geomaterials under non-isothermal condition can be found in the
literature. Francois and Laloui (2008) proposed a uniﬁed thermo-
mechanical model for unsaturated soils, in which the tempera-
ture and suction effects are studied within the framework of elas-
toplastic theorem. Dumont et al. (2011) proposed a thermo-hydro-
mechanical (THM) model for unsaturated soils based on the
extension of effective stress concept to unsaturated soils using a
capillary stress. Uchaipichat and Khalili (2009) conducted a
comprehensive non-isothermal test on compacted samples of silt
with triaxial loading device.
Meanwhile, the THM behaviors of artiﬁcial and natural barriers
in the deep geological repository of HLRW have also been investi-
gated intensively, both in experiment and numerical simulation. A
lot of ﬁeld heating experiments have been reported in the last
decades, such as the works by Gens et al. (2007, 2009), Jia et al.
(2007), Akesson et al. (2009), Gens (2010), and Sawada et al.
(2009). In reality, however, the heating period caused by the
HLRW will last for hundreds thousands years or even longer for
some radioactive substances. Therefore, sometime it is impossible
to reproduce the whole process in the ﬁeld tests. Numerical
simulation would be a potential effective method to describe and
predict the THM behaviors on the condition that the numerical
method is able to ﬁt the results of ﬁeld experiments, at least in a
limited period of time. For this reason, the laboratory tests on the
THM behaviors of geomaterials at element level will play an
important role in improving the accuracy of the numerical analyses.
Many laboratory element tests of geomaterials have been con-
ducted in order to investigate the basic thermo-mechanical
behavior. It is overwhelmingly reported that the strength of geo-
material will decrease when its temperature increases, e.g. the
works performed by Okada (2005, 2006) and Nishimura (2013).
Volumetric change of geomaterials induced by heating was also
conducted by Towhata et al. (1993), Laloui and Cekerevac (2003),
and Cekerevac and Laloui (2004).
As to the numerical methods in multi-phase problems, many
works can be found in the literature, e.g. the work related to soile
water two-phase coupling problem by Oka et al. (1994) and the
works related to the soilewatereair three-phase coupling problem
by Li et al. (2004), Borja (2005), Uzuoka et al. (2007, 2008, 2009),
Uzuoka (2010), and Oka et al. (2010). In the works related to
ﬁnite element-ﬁnite difference (FE-FD) scheme (Oka et al., 1994) for
soilewater coupling problem, ﬁnite element method (FEM) is usedfor the spatial discretization of the equilibrium equation and the
energy conservation equation, while the backward ﬁnite difference
scheme proposed by Akai and Tamura (1978) is used for the spatial
discretization of the continuity equation. In the works related to
THM coupling problem by Oka et al. (2010), the THM coupling re-
lations are based on the work conducted by Nguyen (1995).
The aim of this paper is to establish a uniﬁed numerical method
to treat the multi-phase problem related to the thermo-hydro-
mechanical-air (THMA) behavior of geomaterials, based on a
newly proposed thermo-elastoplastic constitutive model for un-
saturated/saturated soil (Xiong, 2013). A FEM program, named as
SOFT that adopts uniﬁed ﬁeld equations in ﬁnite deformation
scheme and uses FE-FD scheme for discretizing thermo-soilewa-
tereair coupling problem, is employed in the numerical simulation.
As an application of the newly proposed numerical method, two
engineering problems, one for slope failure in unsaturated model
Shirasu ground (Kitamura et al., 2007) and another for in situ
heating test related to deep geological repository of HLRW (Munoz,
2006), are simulated to verify the availability of the proposed nu-
merical method.2. Thermo-hydro-mechanical-air coupling ﬁnite deformation
algorithm of ﬁeld equations
In deriving the uniﬁed ﬁeld equations for the THMA coupling
problem in ﬁnite deformation algorithm for geomaterials, the
following assumptions are adopted:
(1) The distribution of porosity, n, in space and time is very small
compared with other variables.
(2) The distribution of degree of saturation, Sr, in space is very small
compared with other variables.
(3) The relative acceleration of the ﬂuid (water and air) phase to the
solid phase is much smaller than that of the solid phase.
(4) Soil grain is incompressible.
In the following context, the superscripts “s”, “w” and “a”
represent the soil, the liquid and the air phases, respectively.2.1. Equilibrium equation
First of all, deﬁnition of appearance density is introduced. The
appearance densities of the solid phase rs, the liquid phase rw and
the air phase ra are deﬁned as
rs ¼ ð1 nÞrs
rw ¼ nSrrw
ra ¼ nð1 SrÞra
9=
; (1)
where rs, rw and ra are the densities of soil, liquid and air, respec-
tively; n is the porosity of the soil; and Sr is the degree of saturation.
With the use of appearance densities, the density of the three-
phase mixture can be expressed as
r ¼ rs þ rw þ ra ¼ ð1 nÞrs þ n½Srrw þ ð1 SrÞra (2)
Considering the mean pore pressure pF, the relationship be-
tween total stress tensor T and effective stress tensor T0 are as
follows:
T ¼ T 0 þ pFI
_T ¼ _T 0 þ _pFI
pF ¼ Srpw þ ð1 SrÞpa
9>=
>; (3)
where I is the identity tensor.
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acting on each phase have the following form:
T ¼ Ts þ Tw þ Ta (4)
Ts ¼ T 0 þ ð1 nÞpFI
Tw ¼ nSrpwI
Ta ¼ nð1 SrÞpaI
9=
; (5)
Some gradient tensors used in the derivation are deﬁned as
follows:
L ¼
 
vvi
vxj
!
ei5ej
D ¼ 1
2
 
vvi
vxj
þ vvj
vxi
!
ei5ej
W ¼ 1
2
 
vvi
vxj
 vvj
vxi
!
ei5ej
9>>>>>>>=
>>>>>>>;
(6)
where L is the velocity gradient tensor, D is the strain rate tensor or
stretching tensor, W is the rotation rate tensor, vi is the velocity
vector, vj is strain rate vector, and ei5ej is the base of tensor. There
is a relationship of L ¼ D þ W. The deﬁnitions of the above three
tensors can be applied to three phases.
The constitutive equation of each phase can be deﬁned as
T
V
¼ C : Ds orT ¼ C : Ds (7)
_pw ¼ KwtrðDwÞ
_pa ¼ KatrðDaÞ
)
(8)
where T
V
is the Jaumann stress rate tensor or T the GreeneNaghdi
stress rate tensor; C is the stiffness tensor, which is a fourth-order
tensor; Kw and Ka are the volumetric stiffness of liquid and air
phases, respectively.
As to the relative velocities _ww between solid and liquid phases,
and _wa between solid and air phases, Darcy’s law is assumed to be
still valid, thus we have
_ww ¼ kwvh
w
vx
¼ kwv

hwd þ hwini

vx
¼ kw v
vx

pwd
gw
þ hwini

¼ k
w
gw
vpwd
vx
(9)
_wa ¼ kavh
a
vx
 kav

had þ haini

vx
¼ ka v
vx

pad
ga
þ haini

¼ k
a
ga
vpad
vx
(10)
where kwand ka are the coefﬁcients of permeability forwater and air,
respectively; hw and ha are the total hydraulic head for water and air,
respectively; hwd and h
a
d are the hydraulic head for water and air
caused by excessive pore water pressure (EPWP) and pore air pres-
sure (EPAP), respectively; hwini and h
a
ini are the initial total hydraulic
head for water and air, respectively; gw and ga are the unit weight of
water and air, respectively; pwd ð¼ gwhwd Þ and padð¼ gahadÞ are the
EPWP and EPAP, respectively;ww is the relative displacement vector
of liquid phase to solid phase,wa is the relative displacement vector
of air phase to solid phase, and the deﬁnitions of them are given as
ww ¼ uw  us
wa ¼ ua  us

(11)The mass conservation law for the solid, liquid and air phases in
the local form can be written as follows:
vrs
vt
þ div

rsvs

¼ 0
vrw
vt
þ div

rwvw

¼ 0
vra
vt
þ div

rava

¼ 0
9>>>>=
>>>>;
(12)
The momentum conservation law for the solid, liquid and air
phases in the local form can be written as follows:
divðTsÞ þ rsbþ Rþ Q ¼ 0 (13)
divðTwÞ þ rwb R ¼ 0 (14)
divðTaÞ þ rab Q ¼ 0 (15)
where R is the interaction force vector between the liquid and solid
phases, Q is the interaction force vector between air and solid
phases, and b is the body force vector.
Combining Eqs. (13)e(15), the equilibrium equation of soile
watereair three-phase ﬁeld theory can be given as
divT þ rb ¼ 0 (16)2.2. Continuum equation of liquid phase
Substituting the liquid phase in Eq. (1) into the mass conser-
vation law of Eq. (12), we have
ð1nÞvr
s
vt
þ rs vð1nÞ
vt
þ rsdiv	ð1nÞvs
þð1nÞvsdivðrsIÞ ¼ 0
(17)
nSr
vrw
vt
þ rw vðnSrÞ
vt
þ rwdivðnSrvwÞþ nSrvwdivðrwIÞ ¼ 0 (18)
Multiplying Srrw/rs to Eq. (17) and then adding it to Eq. (18), the
following equation can be obtained:
Srrw

vð1 nÞ
vt
þ vn
vt

þ rwdiv½nSrðvw  vsÞþ
Srrwdiv vs þ nSr

vrw
vt
þ vwdivðrwIÞ

þ
nrw
vSr
vt
þ Srð1 nÞ r
w
rs

vrs
vt
þ vsdivðrsIÞ

¼ 0 ð19Þ
The ﬁrst term in Eq. (19) obviously is equal to zero. Considering
the assumption (4), the last term equals zero too. Substituting
div(v) ¼ tr(D) and Eq. (11) into Eq. (19) and then dividing nSrrw, the
continuum equation of liquid phase can be obtained as the
following form:
divð _wwÞ þ trðD
sÞ
n
þ 1
rw
_rw þ 1
Sr
_Sr ¼ 0 (20)
Considering the inﬂuence of temperature q, the change of water
density can be given as
_rw ¼ 

1
Kw
_pwd þ 3awT _q

rw (21)
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phase.
Substituting Eqs. (21) and (9) into Eq. (20), the continuum
equation of liquid phase can be written as
trðDsÞ
n
 k
w
gw
div
	
div

pwd I

 1
Kw
_pwd  3awT _qþ
1
Sr
_Sr ¼ 0 (22)
2.3. Continuum equation of air phase
Substituting the air phase in Eq. (1) into the mass conservation
Eq. (12), we have
ð1nÞvr
s
vt
þ rsvð1nÞ
vt
þ rsdiv½ð1nÞvsþ ð1nÞvsdivðrsIÞ ¼ 0
(23)
nð1 SrÞ vr
a
vt
þ rav½nð1 SrÞ
vt
þ radiv½nð1 SrÞva
þ nð1 SrÞvadivðraIÞ ¼ 0 ð24Þ
Multiplying (1  Sr)ra/rs to Eq. (23) and then adding it to Eq.
(24), the following equation can be obtained:
ð1 SrÞra

vð1 nÞ
vt
þ vn
vt

þ radiv½nð1 SrÞðva  vsÞ
þ ð1 SrÞradivðvsÞ þ nð1 SrÞ

vra
vt
þ vadivðraIÞ

þ nravð1 SrÞ
vt
þ ð1 SrÞð1 nÞ r
a
rs

vrs
vt
þ vsdivðrsIÞ

¼ 0
ð25Þ
The ﬁrst term in Eq. (25) obviously equals zero. Considering the
assumption (4), the last term also equals zero. Substituting the
relation div(v) ¼ tr(D) and Eq. (11) into Eq. (25) and dividing it with
n(1Sr)ra, the continuum equation of air phase can be obtained as
the following form:
divð _waÞ þ trðD
sÞ
n
þ 1
ra
_ra  1
1 Sr
_Sr ¼ 0 (26)
Ignoring the inﬂuence of temperature q, the change of air den-
sity can be given as
_ra ¼ 

1
Ka
_pad þ 3aaT _q

ra (27)
where aaT is the linear thermal expansion coefﬁcient of air phase.
Substituting Eqs. (10) and (27) into Eq. (26), the continuum
equation of air phase can be written as
trðDsÞ
n
 k
a
ga
div
	
div

padI

  1
Ka
_pad  3aaT _q 
1
1  Sr
_Sr ¼ 0
(28a)
or(
trðDsÞ
n
 k
a
ga
div
	
div

padI

 1
1 Sr
_Sr

Ka  3aaT _q _pad ¼ 0
(28b)The Eqs. (16), (22) and (28) are the governing equations for the
soilewatereair coupling three-phase ﬁeld theory and are widely
used in FEM analysis.2.4. Equation of energy conservation
Based on the ﬁrst law of thermodynamics, the following equa-
tion can be obtained in the time interval dt:
dU ¼ dFkt þ dFh þ E (29)
where dU represents the increment of thermal energy; dFkt and
dFh represent the net energy induced by conduction and convec-
tion, respectively; and E represents the energy produced by itself
such as heat source.
The increment of thermal energy in the region dV can be
expressed in the following equation:
dU ¼ð1 nÞðcrÞsdV vq
vt
dt þ nSrðcrÞwdV vq
vt
dt
þ nð1 SrÞðcrÞadV vq
vt
dt ¼ ðcrÞ vT
vt
dVdt ð30Þ
where
rc ¼ ð1 nÞðcrÞs þ nSrðcrÞw þ nð1 SrÞðcrÞa
where c is the speciﬁc heat.
The net energy of dFkt can be expressed as
dFkt ¼ ð1 nÞ½divðqsÞdV þ nSr½divðqwÞdV
þ nð1 SrÞ½divðqaÞdV (31)
where q is the heat ﬂux.
According to Fourier’s law, Eq. (31) can be rewritten as
dFkt ¼ð1 nÞkstdivðdivqÞdVdt þ nSrkwt divðdivqÞdVdt
þ nð1 SrÞkat divðdivqÞdVdt ¼ ktdivðdivqÞdVdt ð32Þ
where kt ¼ ð1 nÞkst þ nSrkwt þ nð1 SrÞkat is the average heat
conductivity of the three-phase soil material.
Similar to dFkt , dFh also can be expressed as
dFh ¼ nSrðrcÞwdivðvwqÞdVdt  nð1 SrÞðrcÞadivðvaqÞdVdt
¼ nSrðrcÞwvwdivðqÞdVdt  nð1 SrÞðrcÞavadivðqÞdVdt
(33)
in the derivation, and the term div(v) can be regarded as zero when
the gradient of velocity is very small in impermeable rock.
Substituting Eqs. (30), (32) and (33) into Eq. (29), the equation of
energy conservation can be obtained:
ðrcÞ vq
vt
þ nSrðrcÞwvwdivðqÞ þ nð1 SrÞðrcÞavadivðqÞ
¼ ktdiv½divðqÞ þ E (34)
It is worth noting that the thermal energy conservation is not
fully coupled with mechanical behavior in this scheme, because the
energy dissipation due to the plastic deformation described by the
constitutive model (Xiong, 2013) is not included in the above
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neglected in terms of engineering sensor if compared with the heat
energy produced by nuclear waste.2.5. Discretization of equilibrium equation in space and time
In Eq. (16), Cauchy stress T is deﬁned in the coordinate
system of current time, i.e. the coordinate system in which the
object has deformed. In FEM analysis of ﬁnite deformation,
however, stress calculation is all based on the initial reference
coordinate system so that it is necessary to use the nominal
stress, such as the ﬁrst PiolaeKirchhoff stress, instead of the
Cauchy stress.
By using the ﬁrst PiolaeKirchhoff stress and virtual work the-
orem, the weak form of the equilibrium equation in an arbitrary
region V can be expressed asZ
V
ðdivPþ rbÞd _usdV ¼ 0 (35)
where d _us is the arbitrary virtual velocity vector of solid phase, and
P is the ﬁrst PiolaeKirchhoff stress tensor. It is in relation with the
Cauchy stress tensor by
P ¼ JTFT (36)
where J ¼ det F is the volume change rate, and F is the deformation
gradient tensor.
Integrating Eq. (35), we haveZ
S
Pnd _usdSþ
Z
V
rb d _usdV ¼
Z
V
PdLdV (37)
where dL is the arbitrary virtual velocity gradient, S is the close
surface of region V, and n is the outward unit normal vector of the
surface S. Considering boundary condition, the surface force vector
t can be calculated from the Cauchy equation:
t ¼ Pn (38)
Substituting Eq. (38) into Eq. (37), the following equation can be
obtained:Z
V
P dLdV ¼
Z
V
rbd _usdV þ
Z
S
td _usdS (39)
The incremental form of the above equation in ﬁnite element
scheme can be written as follows:Z
V
Dt _PjtþDtdLdV ¼
Z
V
rDbd _usdV þ
Z
S
Dtd _usdS (40)
The stress rate at the current time t þ Dt can be expressed ac-
cording to the work by Yatomi et al. (1989) as
_PjtþDt ¼

PjtþDt Pjt
.
Dt ¼ DPjtþDt=Dt ¼ _T þ ðtrDÞT  TLT
(41)
On the other hand, from the deﬁnitions, the Jaumann stress rate
tensor and GreeneNaghdi stress rate tensor are listed below.
Jaumann stress rate tensor is
T
V
¼ _T 0 WT 0 þ T 0W (42)GreeneNaghdi stress rate tensor is
T ¼ _T 0 U _T 0 þ _T 0U (43)
We can obtain the following equations by substituting Eq. (42)
or (43) into Eq. (41):
_P ¼ T
V
þ ðtrDÞT  TLT þðWT 0  T 0WÞ þ ½SrpwI þ ½ð1 SrÞpaI
(44)
and
_P ¼ T þ ðtrDÞT  TLT þ ðUT 0  T 0UÞ þ ½SrpwI þ ½ð1 SrÞpaI
(45)
whereW ¼ (L  LT)/2 is the spin tensor, U ¼ _RRT is the rigid body
spin tensor, and ½  represents the material time derivation.
Eqs. (44) and (45) can be integrated as
Z
V
Dt _PdLdV¼
Z
V
Dt

T
V
þðtrDÞTTLT

dLdV
þ
Z
V
DtðWT 0T 0WÞdLdVþ
Z
V
Dtf½SrpwI
þ½ð1SrÞpaIgdLdV¼Dt
Z
V
T
V
dDdV
þDt
Z
V
h
ðtrDÞTTLT
i
dLdVþDt
Z
V
ðWT 0T 0WÞdLdV
þDt
Z
V
½Sr _pwIþð1SrÞ _paIdLdV ð46Þ
and
Z
V
Dt _PdLdV ¼
Z
V
Dt
h
T þ ðtrDÞT  TLT
i
dLdV
þ
Z
V
DtðUT 0  T 0UÞdLdV þ
Z
V
Dtf½SrpwI
þ ½ð1 SrÞpaIgdLdV ¼ Dt
Z
V
TdDdV
þ Dt
Z
V
h
ðtrDÞT  TLT
i
dLdV
þ Dt
Z
V
ðUT 0  T 0UÞdLdV þ Dt
Z
V
½Sr _pwI
þ ð1 SrÞ _paIdLdV ð47Þ
We use different shape functions for displacement and
pore pressures (water and air) in FEM discretization. The
variables of displacement are given at the nodes and the variables
of pore pressures are given at the gravitational center,
respectively.
_u
!
N is the nodal displacement velocity vector of all nodes in one
element. The displacement velocity vector (virtual displacement
vector) at any arbitrary point within this element, _u
!s
(d _u
!s
), can
then be expressed by the nodal displacement vector _u
!
N as
F. Zhang et al. / Journal of Rock Mechanics and Geotechnical Engineering 6 (2014) 77e9882_u
!s ¼ ½N _u!N (48)
d _u
!s ¼ ½Nd _u!N (49)
where [N] is the matrix of the shape function.
The strain rate vector at any arbitrary point within an element
can be written as
D
! ¼ ½L _u!
s
¼ ½L½N _u!N ¼ ½B _u
!
N (50)
trD ¼ 	M
½L½N _u!N ¼ B!Tv _u!N ¼ _u!TN B!v (51)
The velocity gradient vector of any arbitrary point within an
element can be changed to vector form:
L
! ¼ ½BNL _u
!
N (52)
On the one hand, in the work by Xiong (2013), a thermo-
elastoplastic constitutive model for unsaturated/saturated soil
was newly proposed based on an elastoplastic constitutive model
for unsaturated soil (Zhang and Ikariya, 2011) and a thermo-
elastoplastic constitutive model for saturated soil (Zhang and
Zhang, 2009; Zhang et al., 2012). Based on the new model, Eqs.
(42) and (43) can be rewritten with the vector forms as
T
V
¼ ½Dep½BD _u!N  ERFSD _Sr  asT½Dep½M½N _qN (53a)
or
T ¼ ½Dep½BD _u!N  ERFSD _Sr  asT½Dep½M½N _qN (53b)
ERFS ¼ 1
Cp
Q
1þ e0
1
~D
½Devf
vs
(54)
where [D]e and [D]ep are the elastic and elastoplastic matrix stiff-
ness respectively (see Appendix and Xiong (2013)); asT is the linear
thermal expansion of soil; [M]T ¼ {1, 1, 1, 0, 0, 0}; and
_qN ¼ ðqNjtþDt  qNjtÞ=Dt ¼ DqNjtþDt=Dt is the matrix of the nodal
incremental temperature.2.5.1. Jaumann stress rate tensor
Expressing the items in Eq. (46) with vector form, we have
Z
V
Dt _PdLdV ¼Dt
Z
V
T
V
dDdVþDt
Z
V
h
ðtrDÞTTLTþWT 0 T 0W
i
dLdVþDt
Z
V
f½SrpwIþ½ð1SrÞpaIgdLdV
¼Dt
Z
V
d _u
!T
N½BT½Dep½B _u
!
NdVDt
Z
V
d _u
!T
N½BT E
!RFS
dVD _SrþDt
Z
V
d _u
!T
N½BNLT
h
T*
i
½BNL _u
!
NdV

0
@DtasT
Z
V
d _u
!T
N½BT½Dep½M½NdV
1
A _qN
þDt
Z
V
d _u
!T
N B
!
vf½Srpwþ½ð1SrÞpagdV (55)where
h
ðtrDÞT  TLT þWT 0  T 0W
i
dL ¼ d _u!
T
N½BNLT
h
T*
i
½BNL _u
!
N
Moreover, the following items can be easily obtained:
Z
V
rDbd _usdV ¼
Z
V
d _u
!
N½NTrD b
!
dV (56)
Z
S
Dtd _usdS ¼
Z
S
d _u
!
N½NTD t!dS (57)
Substituting Eqs. (53a or 53b) to (57) into Eq. (40), and
because the virtual displacement velocity is arbitrary and pore
pressure is taken as a constant value within one element in dis-
cretization, the following equation can be obtained with vector
form:
Dt
Z
V
½BT½Dep½B _u!NdV  Dt
Z
V
½BT E!RFSdVD _Sr
þDt
Z
V
½BNLT
h
T*
i
½BNL _u
!
NdV þ Dt
Z
V
B
!
vdV
	
SrpwdE


þ	ð1 SrÞpadE
 ¼
Z
V
r½NTD b!dV þ
Z
S
½NTD t!dS
þ
0
@DtasT
Z
V
½BT½Dep½M½NdV
1
A _qN (58)
where padE and p
w
dE are the constant EPWP and EPAP within one
element in discretization, respectively.
In nonlinear FEM analysis, it is necessary to do incremental
calculation so that the above equation is changed to incremental
form:
Z
V
½BT½Dep½BD u!NdV 
Z
V
½BT E!RFSdVDSr
þ
Z
V
½BNLT
h
T*
i
½BNLD u!NdV þ
Z
V
B
!
vdV

D

SrpwdE

þ D	ð1 SrÞpadE
 ¼
Z
V
r½NTD b!dV þ
Z
S
½NTD t!dS
þ
0
@asT
Z
V
½BT½Dep½M½NdV
1
ADqN ð59Þ
We can also deﬁne the following equations:
D F
! ¼
Z
V
r½NTD b!dV þ
Z
S
½NTD t!dS (60)
½K ¼
Z
V
½BT½Dep½BdV þ
Z
V
½BNLT
h
T*
i
½BNLdV (61)
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!
Sat ¼ ½BT E
!RFS
dV >>>
Z
V
K
!
v ¼
Z
V
B
!
vdV
F
!
T ¼ asT
Z
V
½BT½Dep½M½NdV
9
>>=
>>>>>;
(62)2.5.2. GreeneNaghdi stress rate tensor
Expressing the items in Eq. (47) with vector form, we have
Z
V
Dt _PdLdV ¼ Dt
Z
V
TdDdVþDt
Z
V
h
ðtrDÞTTLT
i
dLdV
þDt
Z
V
ðUT 0 T 0UÞdDdVþDt
Z
V
f½SrpwIþ½ð1SrÞpaIgdLdV
¼ Dt
Z
V
d _u
!T
N½BT½Dep½B _u
!
NdVDt
Z
V
d _u
!T
N½BT E
!RFS
dVD _Sr
þDt
Z
V
d _u
!T
N½BNLT
h
T**
i
½BNL _u
!
NdVþDt
Z
V
d _u
!T
N½BT½TUdV
þDt
Z
V
d _u
!T
N B
!
vf½Srpwþ½ð1SrÞpagdV

0
@DtasT
Z
V
d _u
!T
N½BT½Dep½M½NdV
1
A _qN (63)
where
h
ðtrDÞT  TLT
i
dL ¼ d _u!
T
N½BNLT
h
T**
i
½BNL _u
!
N
ðUT 0  T 0UÞdD ¼ d _u!
T
N½BT½TU
Substituting Eqs. (53b), (56) and (57) into Eq. (40), the following
equation with incremental form can be obtained:
Z
V
½BT½Dep½BD u!NdV
Z
V
½BT E!RFSdVDSr
þ
Z
V
½BNLT
h
T**
i
½BNLD u!NdVþ
Z
V
B
!
vdV

D

SrpwdEÞ
þD	1SrpadE
¼
Z
V
r½NTD b!dVþ
Z
S
½NTD t!dS
Dt
Z
V
½BT
h
T ’U
i
dVþ
0
@asT
Z
V
½BT½Dep½M½NdV
1
ADqN ð64Þ
We can deﬁne the following equations:
D F
!¼
Z
V
r½NTD b!dVþ
Z
S
½NTD t!dSDt
Z
V
½BT
h
T ’U
i
dV (65)½K ¼
Z
V
½BT½Dep½BdV þ
Z
V
½BNLT
h
T**
i
½BNLdV (66)
By using the Eqs. (60)e(62), Eq. (59) or (64) can be rewritten as
½KD u!N  K
!
SatDSr þ K
!
vD

SrpwdE
þ K!vD	ð1 SrÞpadE

¼ D F!þ F!TDqN (67)
The incremental forms of DðSrpwdEÞ and D½ð1 SrÞpadE are
approximated as
D

SrpwdE
 ¼ DSrpwdE þ SrDpwdE ¼ DSrjtþDtpwdEjt þ SrjtDpwdEjtþDt
(68)
D
	ð1 SrÞpwdE
 ¼ 1 SrjtDpadEjtþDt  DSrjtþDtpadEjt (69)
DSrjtþDt ¼ SrjtþDt  Srjt (70)
On the other hand, in the work by Zhang and Ikariya (2011), a
new moisture characteristics curve (MCC) is also proposed, where
the relationship between the incremental suction and saturation is
expressed as
DSrjtþDt ¼ k1s DsjtþDt (71)
DsjtþDt ¼

padEjtþDt  pwdEjtþDt



padEjt  pwdEjt

¼ DpadEjtþDt  DpwdEjtþDt (72)
where k1s is the stiffness of saturationesuction relation.
Substituting Eq. (68)e(72) into Eq. (67), the equilibrium equa-
tion discretized in space and time can be obtained:
½KD u!NjtþDtþ
h
K
!
vSrjt

K
!
vpwdEjt K
!
vpadEjt K
!
Sat

k1s
i
pwdEjtþDt
þ
n
1Srjt

K
!
vþ

K
!
vpwdEjt K
!
vpadEjt K
!
Sat

k1s
o
padEjtþDt
¼D F!jtþDtþ F
!
TDqNjtþDt
þ
h
K
!
vSrjt

K
!
vpwdEjt K
!
vpadEjt K
!
Sat

k1s
i
pwdEjt
þ
n
1Srjt

K
!
vþ

K
!
vpwdEjt K
!
vpadEjt K
!
Sat

k1s
o
padEjt
(73)
By deﬁning the following equation:
I
!w
Sat ¼ K
!
vSrjt 

K
!
vpwdEjt  K
!
vpadEjt  K
!
Sat

k1s (74)
I
!a
Sat ¼

1 Srjt

K
!
v þ

K
!
vpwdEjt  K
!
vpadEjt  K
!
Sat

k1s (75)
Eq. (73) can ﬁnally be rewritten as
½KD u!NjtþDt þ I
!w
Satp
w
dEjtþDt þ I
!a
Satp
a
dEjtþDt
¼ D F!jtþDt þ F
!
TDqNjtþDt þ I
!w
Satp
w
dEjt þ I
!a
Satp
a
dEjt (76)
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and time
The discretization of continuum equation of liquid phase can be
implemented by the same way used in the previous section.
From Eq. (51), it can be known:
trD ¼ B!Tv$ _u
!
N (77)
Using Eq. (77), the integration of Eq. (22) in region V can be
rewritten with vector form as
Z
V
gw
nkw
B
!T
v$ _u
!
NdV 
Z
V
v2pwdE
vxivxi
dV 
Z
V
gw
kwKw
_pwdEdV

Z
V
3gwawT
kw
½NdV _qN þ
Z
V
gw
kwSr
_SrdV ¼ 0 (78)
Because the EPWP is assumed as constant within an element,
Eq. (78) can be rewritten as
Z
V
gw
nkw
B
!T
v$ _u
!
NdV 
Z
V
v2pwdE
vxivxi
dV  A _pwdE  ½KWT _qN
þ
Z
V
gw
kwSr
_SrdV ¼ 0 (79)
A ¼
Z
V
gw
kwKw
dV ¼ g
w
kwKw
V
½KWT ¼
Z
V
3gwawT
kw
½NdV
9>>>=
>>>;
(80)
where V is the volume of region V. The volume integration of the
second term on left side of Eq. (79) can be calculated as follows:
Z
V
v2pwdE
vxivxi
dV ¼ apwdE 
Xm
i¼1
aip
w
ijdE
a ¼ Pm
i¼1
Ai
si
ai ¼
Ai
si
9>>>>>=
>>>>>;
(81)
where m is the number of element sides (e.g. m ¼ 4 for four-node
element of two dimensions) or element faces (e.g. m ¼ 6 for
hexahedron element of three dimensions), Si is the center-to-center
distance of an arbitrary element to its ith neighboring element, bi is
the drainage area of an arbitrary element in edge i.
Because of static problem, the change of soil displacement, PWP
anddegree of saturation canbe calculated byﬁnite differencemethod:
_u
!
N ¼
D u!NjtþDt
Dt
¼ u
!
NjtþDt  u!Njt
Dt
_pwdE ¼
DpwdEjtþDt
Dt
¼
pwdEjtþDt  pwdEjt
Dt
9>>=
>>;
(82)
_padE ¼
DpadEjtþDt
Dt
¼
padEjtþDt  padEjt
Dt
_Sr ¼
DSrjtþDt
Dt
¼ SrjtþDt  Srjt
Dt
9>>=
>>;
(83)_qN ¼
DqNjtþDt
Dt
¼ qNjtþDt  qNjt
Dt
(84)
Substituting Eqs. (71), (72), (77), (80)e(84) into Eq. (79), the
following equation can be obtained:
Srjt K
!T
vD u
!
NjtþDt
kwDt
gw
nSrjtapwdEjtþDtþ
kw
gw

nSrjtAþ
gw
kw
nVk1s

pwdEjtþDtþnVk1s padEjtþDtþ
Xm
i¼1
kwDt
gw
naiSrjtpwidEjtþDt
¼ k
w
gw

AnSrjt
gw
kw
nVk1s

pwdEjtþnVk1s padEjt
þ½KWTDqNjtþDt
(85)
By deﬁning the following equations:
a ¼ nSrjtDtk
w
gw
a; ai ¼
nSrjtDtkw
gw
ai
A ¼ nSrjtk
w
gw
A; Fsr ¼ nVk1s
9>>=
>>;
(86)
h
KWT
i
¼ nSrk
w
gw
½KWT ¼ 3nSrawT
Z
V
½NdV (87)
and substituting Eqs. (86) and (87) into Eq. (79), the discretization
of continuum equation of liquid phase in space and time can be
written as
Srjt K
!T
vD u
!
NjtþDt 

aþ Aþ Fsr

pwdEjtþDt þ FsrpadEjtþDt
þ
Xm
i¼1
aip
w
idEjtþDt ¼ 

Aþ Fsr

pwdEjt þ FsrpadEjt
þ
h
KWT
i
DqNjtþDt ð88Þ2.7. Discretization of continuum equation of air phase in space
and time
The discretization of continuum equation of air phase can be
implemented by the same way as liquid phase. Integration of Eq.
(28) in region V with the vector form can be written as
Z
V
ga
nka
B
!T
v _u
!
NdV 
Z
V
v2padE
vxivxi
dV 
Z
V
ga
kaKa
_padEdV

Z
V
3gaaaT
ka
½NdV _qN 
Z
V
ga
kað1 SrÞ
_SrdV ¼ 0 (89)
Because the PAP is also assumed to be constant within an
element, Eq. (89) can be rewritten as
Z
V
ga
nka
B
!T
v _u
!
NdV 
Z
V
v2padE
vxivxi
dV  B _padE  ½KAT _qN

Z
V
ga
kað1 SrÞ
_SrdV ¼ 0 (90)
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B ¼
Z
V
ga
kaKa
dV ¼ g
a
kaKa
V
½KAT ¼
Z
V
3gaaaT
ka
½NdV
9>>>=
>>>;
(91)
The volume integration of the second term on left side of Eq.
(90) can also be calculated by the same way as liquid phase:
Z
V
v2padE
vxivxi
dV ¼ apadE 
Xm
i¼1
aip
a
ijdE (92)
Substituting Eqs. (71), (72), (77), (82)e(84) and (91), (92) into
Eq. (90), the following equation can be obtained:

1 Srjt

K
!T
v$D u
!
NjtþDt þ nVk1s pwdEjtþDt
þ
Xm
i¼1
kaDt
ga
nai

1 Srjt

paidEjtþDt 
ka$Dt
ga
n

1 Srjt

apadEjtþDt
þ k
a
ga

n

1 Srjt

Bþ g
a
ka
nVk1s

padEjtþDt
¼ k
a
ga

n

1 Srjt

Bþ g
a
ka
nVk1s

padEjt þ nVk1s pwdEjt
þ nk
a
ga
½KATDqNjtþDt
(93)By deﬁning the following equations:
b ¼
n

1 Srjt

Dtka
ga
a; bi ¼
n

1 Srjt

Dtka
ga
ai
B ¼
n

1 Srjt

ka
ga
B
9>>>=
>>>;
(94)
h
KAT
i
¼ nð1 SrÞk
a
ga
½KAT ¼ 3nð1 SrÞaaT
Z
V
½NdV (95)
and substituting Eqs. (94) and (95) into Eq. (93), the discretization
of continuum equation of air phase in space and time can be
written as

1 Srjt

K
!T
vD u
!
NjtþDt þ FsrpwdEjtþDt 

bþ Bþ Fsr

padEjtþDt
þ
Xm
i¼1
bip
a
idEjtþDt ¼ FsrpwdEjt 

Bþ Fsr

padEjt
þ
h
KAT
i
DqNjtþDt
(96)2.8. Discretization of energy conservation equation of air phase in
space and time
Based on the Galerkin method, the energy conservation equa-
tion can be discretized in space for adopting into the FEM.
At any arbitrary time t, the temperature q(x,y,z,t) of any arbi-
trary point within any arbitrary element can be expressed by the
nodal temperatures of this element. So, the temperature can be
written asq ¼ ½NqN (97)where [N] is the shape function matrix, and qN is the matrix of
nodal temperatures at an arbitrary time within an element. Using
the Galerkin method, the energy conservation Eq. (34) in any
arbitrary element can be expressed as
Z
V
½NT
 
kt
v2q
vxivxi
þ E  rc vq
vt
!
dV 
Z
V
½NT

nSrðrcÞwvwi
vq
vxi
þ nð1 SrÞðrcÞavai
vq
vxi

dV ¼ 0
(98)
Based on the GreeneGauss theorem, we have
Z
V
kt½NT v
2q
vxivxi
dV ¼ 
Z
V
kt
v½NT
vxi
vq
vxi
dV þ
Z
S
kt½NTvq
vn
dS (99)
where v/vn is the partial differentiation of the surface’s outward
normal direction.
With Fourier’s law and substituting Eq. (97) into the right side of
Eq. (99), it can be rewritten as

Z
V
kt
v½NT
vxi
vq
vxi
dV þ
Z
S
kt½NTvq
vn
dS
¼ 
Z
V
kt
v½NT
vxi
v½N
vxi
dVqN 
Z
S
q½NTdS (100)
Then, by substituting Eqs. (97) and (100) into Eq. (98), we have
Z
V
kt
v½NT
vxi
v½N
vxi
dVqN þ
Z
S
q½NTdS
Z
V
½NTEdV
þ
Z
V
rc½NT½NdV _qN þ
Z
V
nSrðrcÞwvwi ½NT
v½N
vxi
dVqN
þ
Z
V
nð1 SrÞðrcÞavai ½NT
v½NT
vxi
dVqN ¼ 0 ð101Þ
The equations can be deﬁned as follows:
	
Ct

 ¼ Z
V
rc½N½NdV (102)
	
Kt

 ¼ Z
V
kt
v½NT
vxi
v½N
vxi
dV þ
Z
V
nSrðrcÞwvwi ½NT
v½N
vxi
dV
þ
Z
V
nð1 SrÞðrcÞavai ½NT
v½N
vxi
dV (103)
	
f t

 ¼ Z
V
½NTEdV 
Z
S
q½NTdS (104)
Therefore, Eq. (101) can be rewritten as
	
Ct

 _qN þ 	Kt
qN ¼ 	f t
 (105)
In this section, the Newmark method will be used for dis-
cretization of the energy conservation equation in time. The current
time is denoted as t þ Dt in derivation, Eq. (105) can be written as
Fig. 1. Bird view of Mont Terri Underground Rock Laboratory and location of HE niche
(Munoz, 2006).
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Ct

 _qNjtþDt þ 	Kt
qNjtþDt ¼ 	f t
 (106)
According to the Newmark method and the intermediate value
theorem, the temperature of current time can be expressed as
qNjtþDt ¼ qNjt þ Dt _qNjt þ bDt

_qNjtþDt  _qNjt

(107)
where b is a parameter with a value 0  b 1. When the parameter
b is equal to or greater than 0.5, iteration calculation will always be
convergent.
By substituting Eq. (107) into Eq. (106), the energy conservation
discretized in space and time can be obtained:	
Ct

þ bDt	Kt
 _qNjtþDt ¼ 	f t
 	Kt
hqNjt þ ð1 bÞDt _qNjti
(108)
Combining Eqs. (73), (88), (96) and (108), THMA FE-FD formu-
lation for static analysis can be obtained:2
666664
½K I!wSat I
!a
Sat
Sr K
!T
v 
h
aþ Aþ Fsr
i
Fsr
ð1 SrÞK!
T
v Fsr 
h
bþ Bþ Fsr
i
3
777775
8><
>:
D u!NjtþDt
pwdEjtþDt
padEjtþDt
9>=
>;
þ
8>><
>>:
0Pm
i¼1
aipwidEjtþDtPm
i¼1
bipaidEjtþDt
9>>=
>>;
¼
2
664
D F
!
jtþDt þ F
!
TDqNjtþDt þ I
!w
Satp
w
dEjt þ I
!a
Satp
a
dEjt


Aþ Fsr

pwdEjt þFsrpadEjt þ
h
KWT
i
DqNjtþDt
FsrpwdEjt 

Bþ Fsr

padEjt þ
h
KAT
i
DqNjtþDt
3
775
(109)	
Ct

þ bDt	Kt
 _qNjtþDt ¼ 	f t
 	Kt
hqNjt þ ð1 bÞDt _qNjti
(110)
Because the total water head is conveniently used as the
unknown in the FEM program, from the relation, pwd ¼ gwhwd
(hw ¼ hwd þ hwini; pw ¼ pwd þ pwini), the THMA coupling FEM
equation can be rewritten as2
666664
½K gwH!wSat H
!a
Sat
Sr K
!T
v gw
h
aþ Aþ Fsr
i
Fsr
ð1 SrÞK!
T
v g
wFsr 
h
bþ Bþ Fsr
i
3
777775

8><
>:
D u!NjtþDt
hwdEjtþDt
padEjtþDt
9>=
>;þ
8>><
>>:
0Pm
i¼1
aig
whwidEjtþDtPm
i¼1
bipaidEjtþDt
9>>=
>>;
¼
2
664
D F
!
jtþDt þ F
!
TDqNjtþDt þ gwH
!w
Sath
w
dEjt þ H
!a
Satp
a
dEjt


Aþ Fsr

gwhwdEjt þFsrpadEjt þ
	
KWT


DqNjtþDt
FsrgwhwdEjt 

Bþ Fsr

padEjt þ
	
KAT


DqNjtþDt
3
775
(111)	
Ct

þ bDt	Kt
 _qNjtþDt ¼ 	f t
 	Kt
hqNjt þ ð1 bÞDt _qNjtiFig. 2. Vertical section of borehole BHE-0 (Munoz, 2006).(112)
whereH
!w
Sat ¼ K
!
vSrjt 

K
!
vg
whwdEjt  K
!
vpadEjt  K
!
Sat

k1s (113)
H
!a
Sat ¼

1Srjt

K
!
vþ

K
!
vg
whwdEjt K
!
vpadEjt K
!
Sat

k1s (114)
3. Thermo-hydro-mechanical-air coupling analysis of a
heating test in unsaturated ground
3.1. Brief description of heating experiment
The heating experiment is a large-scale heating test carried out
in the Mont Terri Underground Rock Laboratory (Munoz, 2006).
The objective of the heating experiment is to understand the
behavior of the host rock and the bentonite buffer (artiﬁcial barrier)
within the THM coupling processes. The heating test site is located
on the so-called “HE niche” on the west wall of the New Gallery of
the underground rock laboratory, in the shaly facies of the Opalinus
clay formations. Fig. 1 shows the bird view of the Mont Terri Un-
derground Rock Laboratory and the location of the HE niche. A
vertical borehole 0.30 m in diameter and 7.0 m in depth, identiﬁed
as BHE-0, was drilled in the niche ﬂoor as shown in Fig. 2. A heating
Fig. 3. Setup of heating test (Munoz, 2006).
Fig. 4. 2D FEM mesh and mechanical boundary condition.
Fig. 5. Moisture characteristic curves of bentonite and host rock.
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the borehole BHE-0. A heater of 75 mm in diameter and 2.0 m in
length was placed into the heating tube, and the details of the test
setup are shown in Fig. 3.
The heating experiment was conducted in 3 different phases.
The ﬁrst phase consists of the hydration of the bentonite buffer,
which lasted for 982 days. The hydration of the bentonite buffer
was performed at four different depths at piezometric head of 2.0m
over the niche ﬂoor and the surrounding natural rock. The second
phase is heating phase once the bentonite buffer was fully satu-
rated. Firstly, heat power was applied in steps of 140 W, 150 W,Table 1
Material parameters of bentonite and rock.
Material Compression index, l Swelling index, k Critical state
parameter, M
Void ra
N (p0 ¼
on N.C
Bentonite 0.0050 0.010 1.80 1.04
Rock 0.0020 0.0001 1.90 0.62
Material Parameter of
overconsolidation, b
Void ratio,
Nr (p0 ¼ 98 kPa
on N.C.L.S.)
Thermal expansion
coefﬁcient (K1)
Therm
coefﬁci
water (
Bentonite 1.0 1.06 1.0  105
2.1  1
Rock 1.0 0.65 3.0  106
Note: N.C.L. is the normally consolidated line in saturated state; N.C.L.S. is the normally285 W and 580 W, until the heat-buffer contact reached a tem-
perature of 100 C. Then, a constant temperature of 100 C was
maintained at the heater-bentonite contact, with a heating period
of 540 days. Finally the heat power was switched off and the
cooling phase began. In the experiment, the PWP and the tem-
perature at some selected points are measured.3.2. Numerical simulation and results
Due to the symmetry condition, only half of the area is consid-
ered. Fig. 4 shows the two-dimensional (2D) FEM meshes and the
mechanical boundary condition. In the analysis, the calculated re-
sults of THMA variables at some positions, marked with orange line
in Fig. 4, are selected to compare with the test results. For
simplicity, the materials are assumed to be homogeneous and
isotropic, focusing on THMA coupling process in the rock-buffer
system. An isotropic stress state with a magnitude of 5 MPa is
assumed in the simulation. A total water head of 40 m is given for
the host rock, and the initial temperature is 15 C, being the same as
the test conditions. In the simulation, the air pressure is assumed to
be constant (i.e. the atmospheric pressure), the same condition as
the test. Material parameters of the bentonite and the rock used in
the simulation are listed in Table 1.
Fig. 5 shows the MCCs of the bentonite and the host rock used in
the simulation. It is found that the calculated MCCs of the bentonite
and the host rock match with well the test results. The parameters
of theMCC of the bentonite and the host rock are listed in Table 2. In
the simulation, the initial degree of saturation of the bentonite
buffer is 70%, which corresponds to a suction of s ¼ 136 MPa
measured at the ﬁeld test.
It is well known that thewater permeability is dependent on the
degree of saturation, that is, the permeability increases along with
the increase of the saturation. The water permeability, however,
was not measured in the test. In the THMA analysis of the heatingtio,
98 kPa
.L.)
Poisson’s ratio, n Parameter of
overconsolidation, a
Parameter of
suction, b
0.30 5.0 0.00
0.30 5.0 0.00
al expansion
ent of
K1)
Thermal
conductivity
(kJ m1 K1 min1)
Speciﬁc heat
(kJ Mg1 K1)
Speciﬁc heat of
water (kJ Mg1 K1)
04
0.06 723
4184
0.12 874
consolidated line in unsaturated state.
Table 2
Parameters of MCC.
Material Saturated degrees of
saturation, Ssr
Residual degrees of
saturation, Srr
Parameter corresponding
to drying AEV, Sd (kPa)
Parameter corresponding
to wetting AEV, Sw (kPa)
Bentonite 1.00 0.40 11,000 800
Rock 1.00 0.40 21,000 1000
Material Initial stiffness of scanning
curve, kesp(kPa)
Parameter of shape
function, c1
Parameter of shape function, c2 Parameter of shape function, c3
Bentonite 25,000 0.000001 0.000005 30.0
Rock 90,000 0.00003 0.00006 50.0
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values of the permeability at some speciﬁed saturations is used to
simulate the change of the permeability with saturation. The
relation between the water permeability and the degree of satu-
ration used in the analysis is shown in Fig. 6 in order to ﬁt the re-
sults of heating experiment.
Fig. 7 shows the time evolution of the degree of saturation at
different positions with elapsed time. It is known from this ﬁgure
that the required time to fully saturate the bentonite is approxi-
mately 400 days.
Fig. 8 shows the transitory process of the degree of saturation in
the surrounding rocks at different positions with time, inwhich de-
saturation and re-saturation processes were clearly observed. It is
found in Fig. 8 that the rock reaches the full saturation again after
approximately 600 days of the hydration.
Fig. 9 shows the distribution of the degree of saturation at
speciﬁed time during the hydration phase. It is found that the rock
near the bentonite ﬁrstly changes from saturated state to unsatu-
rated state, this is because thewater cannot transport in time due toFig. 6. Estimated relationships between water permeability and degree of saturation.
Fig. 7. Change of degree of saturation for bentonite during hydration phase. D is the
distance away from the heater.the low permeability of rock. Later the rock was re-saturated with
the migration of pore water.
Fig. 10 shows the evolutions of temperatures at different posi-
tions away from the heater. It is known that the THMA analysis canFig. 8. Change of degree of saturation for rock during hydration phase.
Fig. 9. Distribution of the degree of saturation at some speciﬁed times during hy-
dration phase.
Fig. 10. Change of temperature with time at different positions in heating phase.
Fig. 11. Comparison of the temperature change obtained from the calculation and test
at different positions.
Fig. 12. Change of EPWP with time at different positions during heating and cooling
phases.
Fig. 13. MCC adopted for silty clay in simulation.
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D experiment on the whole, such as the sharp increase and the
sharp decrease of the temperature for all selected positions.
Fig. 11 shows the comparison of the temperature change ob-
tained from the calculation and test at different positions. It isTable 3
Parameters of MCC for silty clay.
Saturated degree of saturation, Ssr Residual degree
of saturation,Srr
0.99 0.10
Initial stiffness of scanning
curve, kesp (kPa)
Parameter of shape
function, c1
58,500 0.0108known from the ﬁgure that the nearer the distance from the heater
is, the higher the temperature will be. There is no prominent in-
crease of temperature at the distance 5m away from the heater due
to the low thermal conductivity of the rock.
Fig. 12 shows the change of EPWP with time at different posi-
tions during heating and cooling phases. It can be observed that the
increase of temperature generates a signiﬁcant increase of positive
EPWP. The change of EPWP is mainly caused due to the fact that
thermal expansion coefﬁcient of water is much higher than that of
the rock. Owing to the low permeability of rock, the drainage is
slow and therefore the expansion of the pore water is impeded,
resulting in an increase of the pore pressure at the initial time of
heating. Later, as the migration of the pore water continues, EPWP
is allowed to dissipate and consequentially turns to decrease. The
simulation can well describe the test results on the whole.4. Thermo-hydro-mechanical-air coupling simulation of
model tests on slope failure in saturated/unsaturated Shirasu
ground
4.1. Simulation of element tests
Triaxial tests on unsaturated silty clay under undrained and
unvented conditions (Oka et al., 2010) are simulated by the proposed
numerical method. The size of the test specimen is 50 mm in
diameter and 100 mm in height. The initial cell pressure and air
pressure were 450 kPa and 250 kPa, respectively. Four cases with
different initial suctions, i.e.10 kPa, 30 kPa, 50 kPa and 100 kPa, were
considered and the strain-controlled loading rate is 0.005/min. In the
simulation, the half size of the 3D specimen is considered because of
the symmetric geometric and loading conditions in vertical direc-
tion. Fig. 13 shows the MCC for the silty clay in the simulation. The
values of the parameters involved in the MCC are listed in Table 3.
Because the testswere conducted in room temperature (20 C) in the
THMA analysis, the temperature, one of the state valuables, is also
assigned as a constant throughout the simulation.
Fig. 14 shows the comparisons between the test and simulated
results of the silty clay under fully undrained and unvented con-
ditions. The left ﬁgures are the test results and the right ones are
the simulations. The material parameters of the unsaturated silty
clay are listed in Table 4. The way to calibrate the material pa-
rameters by triaxial tests can be referred to the work by Zhang and
Ikariya (2011). From the test results, it is known that the higher the
initial suction is, the larger the deviator stress at the same axial
strain will be, and that the PWP and the PAP decrease with the
increase of the initial suction. It is known by the comparisons that
the simulation can describe the element tests in a satisfactory ac-
curacy on the whole.4.2. Simulation of model tests on slope failure in unsaturated
Shirasu ground
Model tests (Kitamura et al., 2007) are also simulated to verify
whether the proposed numerical method can describe theParameter corresponding to
drying AEV, Sd (kPa)
Parameter corresponding
to wetting AEV, Sw (kPa)
220.2 5.10
Parameter of shape
function, c2
Parameter of shape
function, c3
0.010 24.0
Fig. 14. Comparisons between the test and simulated results of silty clay under undrained and unvented conditions (test by Oka et al., 2010).
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Table 4
Material parameters of silty clay.
Compression index, l Swelling index, k Critical state parameter, M Void ratio, N (p0 ¼ 98 kPa on N.C.L.) Poisson’s ratio, n
0.123 0.012 1.23 0.81 0.30
Parameter of overconsolidation, a Parameter of suction, b Parameter of overconsolidation, b Void ratio, Nr (p0 ¼ 98 kPa on N.C.L.S.)
5.00 0.50 1.00 1.12
Table 5
Physical properties and initial value of state variable re for Shirasu soil.
Case No. Water content
in nature (%)
Void ratio
(p0 ¼ 10 kPa)
Density of soil
particle, (g/cm3)
re (OCR)*
1 25.6 1.57 2.45 0.04 (1.5)
2 23.3 1.47 2.40 0.14 (4.0)
3 23.1 1.57 2.45 0.04 (1.5)
Note: *re ¼ l  k at overconsolidation; ** Data are from the work by Kitamura et al.
(2007).
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in the three different patterns of the model tests.
Fig. 15 shows the bird view of the test apparatus and the model
ground (Kitamura et al., 2007). The ground of the model slope was
made of a lightly compacted unsaturated Shirasu soil. The model
slope was compacted carefully layer by layer (thickness of each
layer is 5 cm). The physical properties of the soils are listed in
Table 5 (Kitamura et al., 2007). The slope angle is 45 with a height
of 80 cm. The permeable plates were used on the edges of the soil
tank to control the drainage boundary condition.
Fig. 16 shows the layouts of measuring units, water injection
positions and FEMmesh. In Case 3, an artiﬁcial turf sheet with holes
was placed on the top surface of the slope in order to prevent water
fromwashing away of the soils whenwater was showered from the
ceiling with a manmade rainfall system. Fifteen tensiometers,
indicated by No. 1 to No. 15, were buried in the model ground to
measure the suction or the negative PWP.
Fig. 16b shows the ﬁnite element mesh used in the simulation of
the slope failure. The size of FEM mesh, composed of 1681 nodes
and 1600 4-node isoparametric elements, is the same as that of the
model tests under plane strain condition. The boundary condition
is given as: (a) for the displacement condition, it is ﬁxed at the
bottom in both x- and y-directions and is ﬁxed at the vertical
displacement in x-direction for only left surface. The other surfaces
are free at x- and y-directions; (b) for drainage and vented condi-
tions, the top and slope surfaces are permeable for all the cases,
while the bottom and left surfaces are impermeable except for the
range of water injection as shown in Fig. 16a.
The material parameters of the Shirasu soil used in the simu-
lation are estimated based on the work by Kitamura et al. (1984) in
which the mechanical properties of the Shirasu soil under the
conﬁning stress of 0.2e3.0 MPa were carefully investigated. The
parameters listed in Table 6 are estimated based on the test results.
Fig. 17 shows the theoretical stressestrain-dilatancy relations at
constant conﬁning stress but different constant suctions, under
drained and vented conditions.
Because the initial negative PWPs measured in the tests are
about 6 to 9 kPa in all three cases (Kitamura et al., 2007), forFig. 15. Bird view of test apparatus and model ground (Kitamura et al., 2007).simplicity, the initial negative PWP in the simulation is assumed
to be 8 kPa in the whole area for the three cases. The initial PAP
is the atmospheric pressure and equal to 0 kPa both in the test
and the simulation. The initial degree of saturation was
measured at 38%, which is used also in the simulation. Fig. 18
shows the MCC of the Shirasu estimated from the test results
(Kitamura et al., 2007). The parameters of the MCC are listed in
Table 7.
As pointed out by Kamiya et al. (2006) that the permeability of
air is dependent on the degree of saturation, based on the works byFig. 16. Layouts of measuring units, water injection positions and FEM mesh.
Table 6
Material parameters of Shirasu soil.
Compression index, l Swelling index, k Critical state parameter, M Void ratio N (p0 ¼ 10 kPa on N.C.L.) Poisson’s ratio, n
0.105 0.007 0.47 1.59 0.30
Parameter of overconsolidation, a Parameter of suction, b Parameter of overconsolidation, b Void ratio, Nr (p0 ¼ 10 kPa on N.C.L.S.)
5.00 0.50 1.00 1.61
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between the permeability and the degree of saturation used in the
analysis is assumed as shown in Fig. 19.
In the numerical calculation, the ﬁrst stage is to calculate the
initial stress ﬁeld by gravitational ﬁeld; then a prescribed incre-
ment of water head is applied in the second stage. Fig. 20 shows the
comparisons of the negative PWP between the test and the calcu-
lated results at some measured positions for 3 cases, respectively.
From these ﬁgures, it is observed that the simulation can generally
describe the development of PWP well on the whole in the points
far away from the slope surface. In the points along the slope sur-
face, however, a signiﬁcant difference between the calculation and
the test was observed. This might be caused by the assumption that
the coefﬁcients of permeability are the same in vertical and hori-
zontal directions, and that the initial suction and the degree of
saturation are the same in the whole model ground.
Fig. 21 shows the contours of the degree of saturation at
different times in all three cases. In Case 1 and Case 2, it is known
that the water is inﬁltrated gradually toward the slope surface from
the initial position. In Case 1, the seepage of water is more intensive
than that in Case 2. Therefore, 300 min after the start of the water
inﬁltration, the soil at the toe of the slope is saturated earlier in Case
1 than in Case 2. In Case 3, the water is inﬁltrated from the top of
the slope surface toward the bottom. It is known from the calcu-
lation that about 50 min after the seepage, the inﬁltrated water
reached the bottom surface, and then the water began to accu-
mulate at the left corner of the slope due to the impermeability of
the bottom surface. An interesting phenomenon can be seen in
Fig. 21c that until about 50 min, the degree of saturation at the top
area is larger than that at the left bottom corner. After then, how-
ever, the situation became conversed, i.e. the degree of saturation at
the left bottom corner is larger than that at the top area, showing
clearly the migration process of the inﬁltrated water due to gravi-
tational force.
Fig. 22 shows the change in the distribution of the plastic shear
strain with elapsed time for all the three cases, where
ﬃﬃﬃﬃﬃﬃﬃ
2Ip2
q
is the
second invariant of deviatoric plastic strain tensor. It is found that
the shear strain ﬁrstly occurred at the toe of slope in all cases, and
then propagated backward toward the top surface. At the end of (%) 
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Fig. 17. Theoretical stressestrain-dilatancy relations of Shirasu soil under different
constant suctions.tests (also calculations), a shear band developed clearly in Case 1
and Case 3 but did not show up clearly in Case 2.
Fig. 23 shows the calculated displacement vectors at the end of
tests (also calculations) in all cases. It is known from this ﬁgure that
a larger displacement along the shear band toward the slope toe
developed in Case 1 and Case 3. Compared the shear band formed
in the slope shown in Fig.16with the stress paths shown in Fig.17, itFig. 18. MCC of Shirasu (test results by Kitamura et al., 2007).
Table 7
Parameters of MCC for Shirasu soil.
Case No. Saturated degrees of saturation, Ssr Residual degrees of saturation,S
r
r Parameter corresponding to
drying AEV, Sd (kPa)
Parameter corresponding to
wetting AEV, Sw (kPa)
1 0.87 0.20 12.0 0.07
2 0.89 0.25 15.0 0.10
3 0.95 0.20 12.0 0.17
Case No. Initial stiffness of scanning curve, kesp (kPa) Parameter of shape function, c1 Parameter of shape function, c2 Parameter of shape function, c3
1 90.0 0.30 0.60 30.0
2 20.0 0.30 0.40 50.0
3 50.0 0.33 0.18 5.0
Fig. 19. Relations between water permeability and air with degree of saturation.
Fig. 20. Comparisons between test and calculated results of negative PWP
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and Case 3 than in Case 2, which is consistent with the observed
results in the tests that an entire slope failure had occurred in Case
1 and Case 3 (Kitamura et al., 2007). In Case 2, however, failure only
happened in the area near the toe of the slope, where the
maximum shear strain reached about 10%, as shown in Fig. 22.
Because the permeability of air for the Shirasu soils is very
larger, the inﬂuence of the air pressure is very limited and can be
neglected due to the vented condition in Case 1 and Case 2, where
the air can be ventilated from the ground very easily due to the
water injection from the bottom area. In Case 3, however, the
permeability of air decreases signiﬁcantly due to the inﬁltrated
water at the top surface. As a result, the air pressure increased at the
corner of the slope along with the seepage of water from the tops at some measured positions (test results by Kitamura et al., 2007).
Fig. 21. Contours of the degrees of saturation at different times.
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inﬁltrated water reached the bottom surface, the air pressure
reached its maximum value and then turned to decrease gradually
due to the escape of the air from the vented boundaries at the top
and slope surface. Though the value of PAP is very small comparedFig. 22. Calculated distributions of plastic devwith the PWP, the changing pattern with time is quite natural,
because when the water inﬁltrates on the top of a river dike from
rainfall, the vented boundary of the top surface will change to
unvented one and the air within the area will be enclosed with the
unvented boundaries and be compressed.iatoric strains ð
ﬃﬃﬃﬃﬃﬃﬃ
2Ip2
q
Þ at different times.
Fig. 23. Calculated displacement vectors at ﬁnal stage.
T=40 min T=80 min T=120 min
Unit: kPa
Fig. 24. Calculated distribution of air pressure at different times in Case 3 (unit: MPa).
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In this paper, a FEM using uniﬁed ﬁeld equations for the
THMA coupling problem in ﬁnite deformation algorithm is
derived based on the recently proposed thermo-elastoplastic
constitutive model for unsaturated/saturated soil. In the ﬁeld
equations, the EPW, the PAP, the displacement of solid phase, and
the temperature are used as the unknown variables. In dis-
cretizing the ﬁeld equations of THMA coupling problem, FEM is
used for spatial discretization of the equilibrium and the energy
conservation equations, while the backward ﬁnite difference
scheme is used for the spatial discretization of the continuity
equations. The validity of the numerical method is veriﬁed by
laboratory tests and in situ test. The following concluding re-
marks can be drawn:
(1) In the proposed numericalmethod, the THMAcoupling problem
in ﬁnite deformation algorithm is deduced with FEM using
uniﬁed ﬁeld equations. The constitutive model adopted in the
ﬁeld equations employs the Bishop-type skeleton stress, the
degree of saturation and the temperature as its state variables,
making it possible to describe the behavior of saturated/unsat-
urated soils under non-isothermal condition in a uniﬁed way.
(2) As a ﬁrst veriﬁcation of the proposed numerical method, an in
situ heating test (Munoz, 2006) is simulated in order to inves-
tigate the THMA behavior of the bentonite-host rock composite
structure under unsaturated condition. Based on the simulated
results, it is known that the present simulation can properly
describe the THMA behaviors observed in the heating test such
as the hydration of water, the change of temperature, the evo-
lution of EPWP on the whole. It is, therefore, reasonable to say
that the proposed numerical method can be applied to inves-
tigate the real ﬁeld problem in the deep geological repository of
HLRW.
(3) The triaxial compression tests under undrained and unvented
conditionswere also simulated by the proposedmethod in order
to verify its validity. In the simulation, the elementary behaviors
of the triaxial tests are calculated with one-element 3D analysis.
From the comparisons between the test and the simulation, it isfound that the proposed numericalmethod canwell describe the
test behaviors such as the skeleton stress path, the stressestrain
relation, and the developments of PWP and PAP at different
suctions under isothermal condition.
(4) Themodel tests on slope failure due towater injection or rainfall
have also been simulated by the same numerical method under
isothermal condition. The behavior of the ground, such as the
seepage of water due to rainfall or water injection, the change of
the degree of saturation, the changes of PWP and PAP, the
deformation of the model ground and the shear band formed in
the slope failure, can be simulated on thewhole in a uniﬁedway
in comparison of the calculated results with themeasured ones.
It is particularlyworthmentioning that due to the incorporation
of a proper constitutive model for the saturated/unsaturated
soil, the simulation can well describe the different failure pat-
terns of the model ground observed in the tests. It is also
interesting to note that all the material parameters of the Shir-
asu soils used in the analyses are the same for all the test cases,
suggesting the application of the uniﬁed numerical method.
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Appendix. Brief introduction of the constitutive model for
unsaturated soils
In the proposed model, based on experimental results, a quanti-
tative relation for void ratio-logarithmic mean skeleton stress (e-lnp)
relationusing thedegreeof saturationasa statevariable is established.
And it is assumed that normally consolidated line in unsaturated state
(N.C.L.S.) is parallel to thenormallyconsolidated line in saturated state
(N.C.L.) but in a higher position thanN.C.L., as shown in Fig. A1, which
means thatunder the samemean skeleton stress, unsaturated soil can
keep higher void ratio than those of saturated soil.
For N.C.L.S., we have:
Fig. A2. Extension of sub-loading concept to unsaturated soil in skeleton stress space.
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
h ¼ q
p
¼ 0

(A1)
For C.S.L.S., we have:
e ¼ GðSrÞ  l ln ppr

h ¼ q
p
¼ M

(A2)
where N(Sr) and G(Sr) are the void ratios at N.C.L.S. and C.S.L.S.,
respectively, under a reference mean skeleton stress pr (usually
pr ¼ 98 kPa) and certain degree of saturation; p ¼ sii/3 and q ¼ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3ðsij  pdijÞðsij  pdijÞ=2
q
are the mean skeleton stress and the
second invariant of deviatory skeleton stress tensor, respec-
tively; M is the stress ratio at critical state and has the same
value for saturated and unsaturated states. Therefore, similar to
the derivation of Cam-Clay model for saturated soils, the void
ratio e subjected to shearing is assumed to be:
e ¼ cðh; SrÞ  l ln ppr (A3)
where c(h, Sr) is a function of shear stress ratio h and the degree of
saturation Sr and can be expressed with simple functions as:
(i) For Cam-Clay type (Roscoe et al., 1963):
e ¼ NðSrÞ  NðSrÞ  GðSrÞM h l ln
p
pr
(A4)
(ii) For modiﬁed Cam-Clay type (Schoﬁeld and Wroth, 1968):
e ¼ NðSrÞ  NðSrÞ  GðSrÞln 2 ln
M2 þ h2
M2
 l ln p
pr
(A5)
Under a saturated isotropic normally consolidated state, that is,
s¼ 0, p¼ p0, h¼ 0, Sr¼ 1, N¼ N(Sr¼ 1), e takes a value of e0 and can
be expressed as
e0 ¼ N  l ln
p0
pr
(A6)
The yield function for unsaturated soil using the skeleton stress
and the degree of saturation as state variables can then be obtained
asFig. A1. Illustration of e-lnp relation considering moving up of N.C.L. and C.S.L. due to
insaturation.f ¼ ln p
p0
þ lnM
2 þ h2
M2
 rs
1þ e0
1
Cp
þ re
1þ e0
1
Cp
 εpv
1
Cp
¼ 0
(A7)
where
Cp ¼ l k1þ e0
; re ¼ ðl kÞln
pN1e
pN1
; rs ¼ NðSrÞ  N;
N ¼ NðSr ¼ 1Þ (A8)
where re represents a void ratio difference between the normally
consolidated state and the overconsolidated state under the same
mean skeleton stress. rs represents a void ratio difference between
N.C.L. and N.C.L.S. under the same mean skeleton stress. The yield
surface is shown in Fig. A2. The model can take into consideration
both the unsaturated condition and the overconsolidated state.
As to the thermal effect, the concept of the equivalent stress
proposed by Zhang and Zhang (2009) is adopted:
~pN ¼ pN þ 3KsasTðq q0Þ (A9)
where pN is the current mean stress; K s is the bulk modulus of solid
phase of soil; q is the present temperature; q0, a reference tem-
perature, is an arbitrary value and is taken as the global average
temperature, i.e. 15 C; asT is the linear thermal expansion coefﬁ-
cient of solid phase of soil whose value should be negative because
compression is usually taken as positive in geomechanics.
It is known that the pre-consolidation stress decreases with the
increase of the temperature from the experimental results dis-
cussed in the previous section, in other words, the over-
consolidation rate (OCR) decreases with the increase of
temperature. Therefore, the equivalent void ratio difference ~re
considering the inﬂuence of temperature is given as
~re ¼ ðl kÞln½ð~pN1OCRÞ=pN1 (A10)
where ~pN1 is the initial equivalent mean stress, and pN1 is the initial
mean stress.
Therefore, the yielding function Eq. (A7) can be written in the
equivalent mean stress space as
f ¼ ln p
p0
þ lnM
2þh2
M2
 rs
1þe0
1
Cp
þ ~re
1þe0
1
Cp
εpv
1
Cp
¼ 0 (A11)
From consistency equation df ¼ 0, it is known that
df ¼ vfs
vsij
dsijd

rs
1þe0

1
Cp
þd

~re
1þe0

1
Cp
dεpv
1
Cp
¼ 0 (A12)
where
fs ¼ ln pp0
þ lnM
2 þ h2
M2
(A13)
F. Zhang et al. / Journal of Rock Mechanics and Geotechnical Engineering 6 (2014) 77e98 97In Eq. (A12), it is necessary to give evolution equations for
the development of the state variables ~re of OCR and rs of
saturation, and the ﬂow rule for plastic strain tensor in the
following ways:
(i) Step 1
Associated ﬂow rule:
dεpij ¼ L
vf
vsij
(A14)
(ii) Step 2
d

~re
1þ e0

¼ Lr
b
~p
; r ¼ a~re þ brs (A15)
(iii) Step 3
N

Sr

¼ N þ Nr  N
Ssr  Srr

Ssr  Sr

; Nr ¼ N

Srr

rs ¼ N

Sr

 N ¼ Q

Ssr  Sr

; Q ¼ Nr  N
Ssr  Srr
drs ¼ QdSr
9>>>=
>>>;
(A16)
where Srr and S
s
r are the degrees of saturation under residual
and saturated conditions. Eq. (A16) means that N(Sr) changes
linearly with the degree of saturation. Parameters a, b and b
control the development of the state variables ~re, and Nr is the
void ratios at N.C.L.S. under the reference mean skeleton stress
pr when the degrees of saturation are in residual state, that is,
Nr ¼ NðSrrÞ.
Volumetric strain increment can be divided into elastic and
plastic parts as
dεij ¼ dεeij þ dεpij (A17)
Using Hooke’s theory with stiffness tensor Eijkl, the incremental
stress tensor can be expressed as
dsij ¼ Eijkl

dεkl  dεpkl  dεTkl

¼ Eijkldεkl  EijklL
vf
vskl
 EijkldεTkl
(A18)
Substituting this equation into Eq. (A12), the following relation
can be obtained:
vf
vsij
Eijkldεkl
vf
vsij
EijklL
vf
vskl
 vf
vsij
Eijkldε
T
klL
rb
~p
1
Cp
þ Q
1þe0
dSr
1
Cp
L 1
Cp
vf
vsmm
¼ 0
(A19)
which results in:L ¼
vf
vsij
Eijkldεkl þ
1
Cp
Q
1þ e0
dSr  vf
vsij
Eijkldε
T
kl
hp
Cp
þ vf
vsij
Eijkl
vf
vskl
(A20)
where
hp ¼ vf
vsmm
þ r
b
~p
(A21)
Therefore it is easy to deﬁne the loading criteria as
L > 0 loading
L ¼ 0 neutral
L < 0 unloading
9=
; (A22)
Substituting Eq. (A20) into Eq. (A14), we have
dεpij ¼
vf
vsmn
Emnkldεkl þ
1
Cp
Q
1þ e0
dSr  vf
vsmn
EmnkldεTkl
hp
Cp
þ vf
vsmn
Emnkl
vf
vskl
vf
vsij
(A23)
Meanwhile,
dsij ¼ Eijkl

dεkl  dεpkl  dεTkl

¼ Eijkldεkl  EijklL
vf
vskl
 EijkldεTkl ¼ Eijkldεkl  EijqrEmnkl
vf
vsmn
vf
vsqr
1
~D
dεkl
 1
Cp
Q
1þ e0
dSr
1
~D
Eijqr
vf
vsqr
þ 1
~D
vf
vsmn
vf
vsqr
EijqrEmnkldε
T
kl
 EijkldεTkl ¼

Eijkl  Epijkl

dεkl  ERFSij dSr


Eijkl  Epijkl

dεTkl ¼ Eepijkldεkl  ERFSij dSr  E
ep
ijkldε
T
kl
(A24)
where
~D ¼ hp
Cp
þ vf
vsmn
Emnkl
vf
vskl
(A25)
Epijkl ¼
EijqrEmnkl
vf
vsmn
vf
vsqr
~D
(A26)
Eepijkl ¼ Eijkl  E
p
ijkl (A27)
ERFSij ¼
1
Cp
Q
1þ e0
1
~D
Eijkl
vf
vskl
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